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Abstract

This paper presents the formulation of a plate of infinite dimensions (without boundary conditions) on an elastic
foundation, subjected to a moving concentrated and line load of constant amplitude and speed, using a triple Fourier
transform. The solution is carried out integration by residues. A closed-form solution of displacement field has been
obtained for a moving load with subsonic, transonic and supersonic speeds. It is found that the maximum response
of the slab occurs beneath the moving load and travels with the load at the same speed. It is also shown that a critical
speed exists. If the moving load travels at critical speed, slab displacement becomes infinite in amplitude.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Existing rigid (cement concrete) pavement design is based on a static theory of thin slab on a Winkler
elastic foundation (Westergaard, 1926; Yoder and Witczak, 1975; Hass et al., 1994). Although this assump-
tion may be well justified in the early years when automobiles travel slowly, engineers are aware of its short-
coming. When the velocity of vehicle loads is high due to the development and promotion of high-speed
surface transportation, dynamic pavement response to a moving load needs to be taken into account (Mon-
ismith et al., 1988; Sun and Deng, 1998; Sun and Greenberg, 2000; Sun, 2001a,b).

Dynamic response of a thin slab subject to a moving load is important not only for pavement design but
also for many other applications (Kim and Roesset, 1996). For instance, Bush (1980), Scullion et al. (1990)
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and Uzan and Lytton (1990) used measured pavement dynamic response information to investigate
pavement nondestructive evaluation. Salawu and Williams (1995) studied the full-scale force—vibration test
before and after structural repairs on bridge. Dynamic response signal can also be used for weighing
vehicles while they are in motion. Another application can be found in military countermine detection,
where an unmanned automatic vehicle equipped with landmine detection sensors traverses minefield to
identify locations of potential landmine. The tyre pressure generated from the moving vehicle may result
in sufficient loads on top of the mine to excite an explosion. It is of paramount importance to investigate
the dynamic displacement and stress field caused by a moving load.

A significant difference between static theory and its dynamic counterpart is that inertial effect,
ignored in the former, is taken into account in the latter (Sun and Greenberg, 2000). To better under-
stand dynamic response of a thin slab to a moving load, it is indispensable to analyze dynamic effect of
a dynamic load on a slab. Kenney (1954) studied the steady-state response of a moving load on a
beam on elastic foundation. Finite element procedures have been developed to carry out the response
of a thin plate to dynamic loads with applications in pavement design and nondestructive evaluation
(Taheri, 1986; Kukreti et al., 1992; Zaghloul et al., 1994; Kim and Roesset, 1996; Sun, 2001a; Sun,
2001b). Deshun (1999) applied the variational principle to solve the vibration of thick plates. The
vertical vibration of an elastic plate on a fluid-saturated porous half space subjected to a harmonic
load was investigated by Bo (1999), in which the Hankel transform was used to convert the governing
equation to the Fredholm integral equation of the second order and numerical calculation can then be
carried out.

In our previous paper (Sun, 2001a), the time-harmonic elastodynamic Green’s function of a plate subject
to a fixed line load has been studied. This paper further extends the analysis to consider the displacement
field of a slab on a Winkler elastic foundation subjected to a moving concentrated and line load. Since the
Green’s function served as a fundamental solution for constructing the response of plate to moving loads, it
plays an important role in boundary element method when applied to treat the dynamic problem. The
boundary integral equation suitable for analyzing the static response of slab is derived from the analytical
representation of static fundamental solution of thin slab. The availability of dynamic fundamental solu-
tion is therefore of theoretical value for boundary element methods.

The rest of this paper is organized as follows. In Section 2, the governing equation of a thin slab on a
Winkler elastic foundation is established. In Section 3, the Green’s function of the slab is developed based
on multiple Fourier transform. In Section 4, the dynamic displacement field of the slab is derived. In
Section 5, characteristic equations associated with the problem are analyzed theoretically with poles
identified. The dynamic pavement response is represented using the theorem of residue. Based on that,
a case study is conducted using numerical computation. In Section 6, the maximum displacement of the
pavement is discussed. In Section 7 concluding remarks are made.

2. The governing equation

Suppose that a thin slab is setting in an orthogonal x—y—z coordinate system. Denote the displacement of
the plate in z direction as W(x,y,t). Three assumptions are made to simplify the mathematical model of a
thin plate. These assumptions are (1) the strain component ¢. in the perpendicular direction of the plate is
sufficiently small such that it can be ignored; (2) the stress components 1., 7., and o. are far less than the
other stress components, therefore, the deformation caused by 7., 1., and o can be negligible; and (3) the
displacement parallel to the horizontal direction of the plate is zero. Considering the balance of a tiny ele-
ment (x,x + dx; y,y + dy) under the impressed force F(x, y, f), restoring force from the foundation ¢(x, y, ),
and the inertial force phd* W/dr*, we have
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OM,/0x +0M /0y = B, (1a)
aM, /3y + M., /ox = P, (1b)
0B, /ox + 8B, /Ay — q(x,y,1) — phO* W JOr = —F (x,y,1) (Ic)

where M., M,, M, and M, are moment of the tiny element with respect to x-axis, y-axis, xy-axis, and yx-
axis, respectively; /1 the thickness of slab, and p the density of slab. Under the aforementioned assumptions,
relationships between displacement and moment of slab satisfy the following equations

— D(O*W Jox* +vO* W [Oy?) = M, (2a)
~ D@W[3y* +vOW |ox*) = M, (2b)
— D(1 —v)O*W Joxdy = M., (2¢)

where D = ER*/[12(1 — v?)] is the stiffness of plate; E and v the Young’s modulus of elasticity and Poisson
ratio of the slab, respectively.
The governing equation for the slab can be derived by combined Egs. (1a)—(1c) and (2a)—(2c) to give

2

DV*VPW (x,y,t) + ph% W(x,y,t) =F(x,y,t) — q(x,y,1) (3)
where V> = 8%/0x? + 9°/0)” is the Laplace operator. As the most widely used foundation model in rigid
pavement design, the Winkler elastic foundation model assumes that the reactive pressure is proportional
to the vertical displacement of the slab, i.e., ¢(x,y,t) = KW(x,y,t) (Kenney, 1954; Sun, 2001a; Zaghloul
et al., 1994). Here, K is the modulus of subgrade reaction and is assumed to be constant to represent linear
elasticity of the subgrade. Substitution of the restoring force into Eq. (3) gives

2

d
DVENVPW (x, ;1) + KW (x,3,8) + ph 5 W (x, 3, 1) = F(x,3,1) 4)

3. The fundamental solution

According to the theory of mathematical-physical equation, the fundamental solution of a partial dif-
ferential equation is given by the Green’s function, a solution corresponding to the situation where the
right-hand side of Eq. (4) is in the form of the Dirac—delta function

F(x) = 6(x — xp) (5)

in which x =(x,y,7) represents the spatial location where the displacement response is of interest;
Xo = (X0, V0, o) Tepresents the source position where the load is applied; o(x — Xg) = d(x — x0)d(y — yo) X
o(t — tp) and 6(*) is the Dirac—delta function, defined by

1 "5 — x0)f (1) dx = () (6)

Define the three-dimensional Fourier transform pair
Fo=rrwi= [ [ [ rme-iexex (72)
o =F@ =0 [ [ [ i@entod (7b)
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where & = (¢,1, ), F[-] and F~'[-] are Fourier transform and its inversion, respectively. To solve for Green’s
function, apply Fourier transform to both sides of Eq. (6)

D(& + 1)’ G(&;xo) + KG(&x0) — pha’*G(&; %) = F(£) (8)

in which £(&) is the Fourier transform of F(x), and the displacement response W(x) is replaced by the nota-
tion G(xX;Xg) to indicate the Green’s function. In the derivation of Eq. (8) the following property of Fourier
transform is used

[/ ()] = (io)"FIf (1)) ©)
Also F(&), the representation of F(x) in the frequency domain, can be obtained by taking Fourier transform
of both sides of Eq. (5)

F(&) = /_OO /_OO /_OC 0(x — Xg) exp(—iéx)dx = exp(—i€xy) (10)

Here, the property of the Dirac—delta function, i.e., Eq. (6), is utilized for evaluating the above integral.
Substituting Eq. (10) into Eq. (8) and rearranging terms give

G(&;%9) = exp(—iéxo)[D(E* + n?)* + K — pha]”! (11)

The Green’s function given by Eq. (11) is in the frequency domain and can be converted to the time domain
by taking the inverse Fourier transform

G(x;x0) = (27)°° / / / explié(x — x0)|[D(&* + 1) + K — pho?’]” dé (12)
Eq. (12) is the Green’s function of a slab resting on a Winkler elastic foundation. It serves as a fundamental
solution of a partial differential equation and can be very useful when dealing with linear systems.
4. Dynamic response to a moving load

According to the theory of linear partial differential equation, the dynamic response of slab to an exter-
nal load F(x) can be constructed by integrating the Green’s function in all dimensions

W(x) = /; /: /: F(x9)G(x;X9)dx (13)

For a moving concentrated load, F(x) can be expressed as

Fo(x) = P3(y)d(x — vt) (14)
For a moving line load, F(x) can be expressed as
Fi(x) = (2r0) " PO(y)[H (x — vt + 1) — H(x — vt — r)] (15)

where P is the magnitude of the load; v the load velocity; ry the half length of the line load; H(x) the
Heaviside step function, defined as H(x) =1 for x >0, H(x) =0 for x <0, and H(x) = % for x =0.

The case of moving concentrated load will be considered first. The dynamic displacement response of
slab under a moving concentrated load can be given by Eq. (13) in which the load F(x) is replaced by
Eq. (14)

Wc(x):P/; /: /Zé(yo)é(xo—uto)G(x;xo)dxo (16)
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Applying the properties of Dirac—delta function as shown in Eq. (6), the above equation becomes

t
Wugzp/ G(x; 1y, 0, £5)dtq (17)

o0

Substituting the Green’s function Eq. (12) into Eq. (17) and performing some mathematical manipulation,
the displacement of the slab becomes

6 + 1)’ + K — pha?
Substituting Eq. (6) and f exp[— (vf + w)t)dty = 2n6(vé + w) into Eq. (18) gives
exp{i[¢ x-—vﬂ-%nﬂ} .
(27) déd 19
™ / / D(& +»?) +K—M&8g17 (19)

For a moving line load, substituting Eqgs. (12) and (15) into Eq. (13) and performing similar mathematical
manipulation, we have

t

(2n) / / sin &rg exp{i[&(x — vt) + ny]}2 dédy (20)
Ero[D(E +12)° + K — phv2&?]

In the derivation of Eq. (20) the Euler formula exp(ig) = cos¢g + ising and the following integral are used

/°° [H(xo — vt + ry) — H(xo — vt — 19)] exp(—i&xp)

00 2]’0

vi+r(o eXp ( _ iéX() )
2r 0

dX() = de

vt—rg

_ sin &rg exp(—iévr)

T (21)

Because a moving concentrated load is a special case of a moving line load, we should be able to derive Eq.
(19) from Eq. (20) as a limiting case. Note that lim,_ S“C’ 0 — 1, it is straightforward to verify this corollary
by taking the limit on both sides of Eq. (20).

The correctness of dynamic displacement response Eq. (19) to a moving load can also be partially ver-
ified by comparing the degraded situation with static solution of slab under a concentrated load, which has
been well known for years (Zhu et al., 1984). To do so, let load velocity v = 0 in Eq. (19), which should lead
to a static solution

expli( fx+i7y)]
(2m) déd 22
™ / / Dé +1?) 11K <dn (22)

Define coordinate transform x=rcosl, y=rsin0, &= {_cosyy and 5 ={_siny. Since sinOcosy +
cos@siny = sin(0 + ), applying this relation and the Euler formula exp(ig) = cos¢+ising to Eq. (22)

gives
w0 = 20 p [ . / - COSVE;HEJ W aray (23)

It is known that the Bessel function can be expressed as Jo(z) = (21) 02 " cos(zcos ¢)d¢p (Watson, 1966),

in which Jy(*) is the zeroth-order Bessel function of the first kind. Adopting this representation, Eq. (23) can
be rewritten as

rn@)@mlpfmégfg

This is identical to the static solution given in Zhu et al. (1984).

¢de (24)
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5. Characteristic equation and analytical displacement

Dynamic displacement response of a slab to a moving line load is greatly influenced by the characteristic
equation (the denominator of the integrand) in Eq. (20). Let K = K/D and m = ph/D. The characteristic
equation of a slab is defined as

2(En) =& — (m* —27)E + K +1* =0 (25)

For K = 229240.8 and 7 = 0.371248 the characteristic function z(&,#) is computed and plotted in Fig. 1 for
v =0, 25.36, 50.79, and 101.57 m/s respectively.

Eq. (25) is a fourth-order algebraic equation. According to the theory of algebraic equation, there exist
four complex roots for Eq. (25). Let them be () for j =1, 2, 3, 4 and these roots are respectively distrib-
uted in four quadrants of a complex &-plane. It is straightforward to identify the four roots of Eq. (25) as

&) = {(m? —21%) + [(m* — 2%)° — 4(K +5*)]'*} /2 (26)
&) = {(m? —2%) — [(m* — 2%)° — 4(K +5*)]'*}/2 (27)

Clearly, (), j=1,...,4 depend on 5. Complex theory is used to evaluate Eq. (20), and therefore four
roots of the characteristic equation become first-order poles in the complex ¢&-plane if A=
(mv* — 2¢*)* —4(K 4+ n*) £ 0. The case of A4 =0, which leads to second-order poles, is addressed
below.

If mv*/4 — K /(mv?) < 0 or equivalently v < \/4K /m?, then it is guaranteed A < 0. The roots of Eq. (27)
are all first-order poles in the complex. The case of 4 =0 could only occur if > = mv*/4 — K /(imv*) = 0,
which requires v > /4K /m?. Now the integration of Eq. (20) can be pursued in two steps. In the first step,
the integration is with respect to & and 7 is treated as a real number. In the second step, the integration is
evaluated with respect to 7. Since 4 = 0 or equivalently 5 = +[mv?/4 — K /(mv*)]"/* leads to two second-
order poles in the real axis, the integration in the first step should be evaluated in the sense of Cauchy
principle value (p.v.). In other words, the two second-order poles are excluded from the integration.

To apply the theorem of residue, one constructs a closed contour to surround these poles. For
x — ot = 0 we select the closed contour in the upper half &-plane, while for x — vt <0 the lower half &-
plane. Only the case of x — vz > 0 is present in this paper for consideration of limited paper space. The case
of x — vt <0 can be derived in a similar manner. Without loss of generality, let Im(&;) > 0 and Im(&3) > 0.
By applying the theorem of residue, the evaluation of the first-step integration of Eq. (20) is carried out as a
Cauchy principle value

P
wi(x) = (p.V.)W /_ exp(iny)dn< 2xi Z res e — (0 —22)@ TR 47

00 Im(&;)>0

o . [ sin ¢(17)ro explic(n) (x — vr)]

sin ¢(17)ro explic(n) (x — vt)]
o ; © [éro[é — (v = 21%)& + K + 1]

_ £ sin ;7o exp[i&; (i) (x — vt)] -

= (p.v )2 / A rl5E(n) = 3(m? — 27)E(n) + K + '] exp(iny)dn

— sin é ro exp[i; (i) (x — vt)] .

= (p.v m e / 4r0§ 11) — (mv? —252) /2] exp(iny)dny (28)

where P = P/D and res(-) stands for residue. The derivation of Eq (28) used the fact that () is the solu-
tion of Eq. (25) and therefore é () — (mv* = 2i? )ﬁ (n)+K+n*=0.
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v=101.6 m/s

Fig. 1. Characteristic function of a thin slab subject to a moving load.
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Since in the derivation of Eq. (28) Im(&;) > 0 and Im(¢&;) > 0, this condition implies that 5]2, (n) # 0 and
one needs only to consider another characteristic equation

&) — (m? —2¢%)/2=0 with j=1,3 (29)

Because éf and £§ are readily available from Egs. (26) and (27), substituting éf and 5§ into Eq. (29) and
having some algebraic manipulation gives

M = £{m’ /4 — K/ (m)}'? (30)

Here 7, and 53 are two roots corresponding to ¢& and 53, respectively. Clearly these two roots become first-
order poles in the complex #-plane if v # /4K /m , otherwise, they become a duplicated root and form a

second-order pole in the complex y-plane if v = \/4K /m?. Given this analysis, formula (28) can be rewritten
in the following form, provided that m # 0 and v # 0.

> sin &;(n)ro exp[i&;(n)(x — vz)]

)877:\/T, T3 Vof M~/ —=mny)(m—ns)

In one-dimensional structures such as beam, it has been experimentally observed and theoretically
proved that there exists a critical speed (Kenney, 1954; Sun, 2001b). In two-dimensional structures such
as slab, similar critical speed also exists. Let v, = (4K /m?)"* = (4KD/m?*)""* = [4AKER/12(1 — v*)p?]""* be
the critical velocity. Define the Mach number (dimensionless speed) M = v/v... The vibration of the slab dif-
fers significantly for moving loads at subsonic (M < 1), transonic (M = 1) and supersonic speeds (M > 1).
Since the square root is involved in Eq. (31), the denominator is a multiple valued function. To ensure it
remains single valued, branch cuts from these two poles need to be constructed. Fig. 2 plots the branch cuts
and contours corresponding to different ranges of Mach number.

The theorem of residue is still applicable for evaluating the integration in Eq. (31). Similar to previous
derivation, only the case of y > 0 is considered, for which we construct a closed contour in the upper half
n-plane.

Subsonic Case 1. M < 1. In this case two poles specified by Eq. (30) lie on the imaginary axle of the
complex y-plane. Let #](n;) equals to one of »; and 73 whose imaginary part is positive (negative). We
have

Wi(x) = (p.v exp(iny)dn (31)

wWi(x) = (p.v.)

{/ © sincilmro explicy () = v] ooy

P
8nv/mn? ro&1(m)v/(n — ny)(n —ns)

> sin &3(n)ro explids (n) (x — vt)]
+/—oo 7’053 (M~ —=ny)(n —n3)

eXp(lny)dn}

smél (n)ro explié; () (x — vi)] ofi
(p-v. 4\/_{ ro&i(m)v/(n —m)(n = n3) ep(wy)] ,

n=n

—+res

sin & (n)ro expli&y () (x —vi)] o
Vofg(’?) (n=n)(n—ns) ) p(“?y)] 2

n=1}
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Im(n)
Re(n)
M<1
t Imin)
f—\\
B -
Re(m)
M>1
t Im(m)
ML;
Re(m)
M=1

Fig. 2. Branch cuts and contours for the integration of Eq. (31).

Supersonic Case 2. M > 1. In this case two poles specified by Eq. (30) lie on the real axle of the complex
n-plane. Let #|(1;) equals to one of n, and n; whose real part is positive (negative). We have
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Fig. 3. Three-dimensional dynamic frequency response function (ro =1 x 107> m).
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Fig. 4. Three-dimensional dynamic frequency response function (ro = 0.2 m).
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iP sin &, (n)ro exp[i&, () (x — vt)] <oli
p¥) 8v/mv? e Voé%('l)\/ (n—n1)(n—ns) exp(in) .

Wi(x) = (

sin & (17)ro explic; (17) (x — vr)]
RSOV CEEDICEED)

—+res exp(iny)

=,

[sin & (n)ro expliés () (x — v1)]
L Vofg('l) (77 - ”11)(’7 - ’73)

sin & (n)ro expli&s (M (x —vn)] .
| &/ =n)(n—n3) ) p(my)_ - (33)

—+res

exp(iny)

4 n=n|

—+res

Transonic Case 3. M = 1. In this case characteristic equation (29) will possess a duplicated root at the
origin #; ;3 = 0, corresponding to a second-order pole in the complex #-plan. Such a second-order pole will
result in a singularity of the order O(;") in the integration of Eq. (29), meaning that an infinite amplitude
of displacement response forms.

To visualize the displacement response to a moving load, we compute dynamic responses in a moving
coordinate system. Specifically, define the Galilean transform x’ = x — vt and y = y’. This transform creates
a follow-up coordinate system x’ = (x’,»’) and the origin of the follow-up coordinate system travels with
the moving load at the same speed. Numerical computation has been conducted in the follow-up coordinate
system. The parameters used in the numerical computation are for a typical cement concrete pavement
P =2.51049, K = 229240.7547, and m = 0.371248, all having the SI Metric unit. Figs. 3 and 4 plot
three-dimensional response Wj(x') versus X' = (x’,)’) with load distribution length ro=1x10">m and
ro=0.2m at speed v =0, 30, 50, and 60 m/s, respectively. To improve the visualization in these figures,
the left and the right plots in the same row correspond to an identical case, with the left-plot showing
the top-front view, while the right counterpart showing the bottom-front view.

6. Maximum response

It is of interest to investigate the maximum response in the subsonic case, which has many engineering
applications from practical point of view. To this send, the gradient of the dynamic displacement given by
Eq. (32) with respect to space x’ = (x’,y’) must be zero at the maximum

) ow aw\"
VW{(X) = (&a?y,) = (OaO)T (34)

Here T denotes the transpose of a vector. One obvious nontrivial solution Eq. (34) is x’ = (x/, ') =(0,0).
Substitution of x’ = (0,0) into Eq. (32) results in the maximum displacement response

Wi(x) = (p.v.)
iP sin &, (7)ro sin &3(n)ro

——r I 35

Vel R Log“%(n) (n=m)n=m)],_, e ro&3(m)/(n = ny)(n = ns) n—, 5

Clearly, this solution implies that the maximum displacement occurs exactly below the moving load and
travels at the same speed as the load. The maximum displacement response to a concentrated moving load
can be obtained by taking limit to Eq. (35) as the length of load distribution ro — 0
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! + res ! (36)

wi(x) = (p.v.) re G (m—m)(n—n3)

4+/mv? ’ &/ (n—=m)(m—n3)

n=1) n=r,

7. Concluding remarks

In this paper integral transform and complex analysis are used to analyze the dynamic displacement of
slab caused by a moving load with constant speed. Analytical form of solution of the displacement has been
obtained. The static case, the limiting case when the dynamic solution approaches to the case with velocity
being zero, is considered as a basis for validating the formulation. It is found that the maximum response of
the slab occurs beneath the moving load and travels with the load at the same speed. It is also shown that a
critical speed v = (4KD/m2)1/ 4 exists. Slab displacement becomes infinite if the moving load travels at this
critical speed.

The whole formulation in this paper is based on the assumption that the slab has no discontinuity along
its length, which is assumed to be infinite. This is not a very realistic assumption, particularly for airport
pavements, where one may encounter pavement joints and several of them may run in orthogonal direc-
tions. To account for the effect of dimensionality, more accurate models such as a plate of finite width
in a layered elastic medium may be developed. Also, varying load speed due to aircraft landing and
take-off or during vehicle acceleration and deceleration may occur in practice as well. A more realistic mod-
el that can take into account of vehicle suspension systems and varying speed may provide more significant
contribution. One drawback of the present paper is that it only presents the mathematical solution and the
verification of the solution is only through the comparison with static case. A more plausible approach
would be to compare the solution with realistic field measurement. All of these will be the subjects for
our future study.
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